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TRAVELING WAVE SOLUTIONS OF A GRADIENT SYSTEM:
SOLUTIONS WITH A PRESCRIBED WINDING NUMBER. II

DAVID TERMAN

ABSTRACT. This paper completes the analysis begun in [2] concerning the
existence of traveling wave solutions of a system of the form u; = ugzz+VF(u),
u € R2. In [2] a notion of winding number for solutions was defined, and
the proof that there exists a traveling wave solution with a prescribed winding
number was reduced to a purely algebraic problem. In this paper the algebraic
problem is solved.

1. Introduction.

A. Statement of the problem. This paper completes a study which we began in
two previous papers [1, 2].

We consider the reaction-diffusion system

(1A.1) Ute = Urzg + f1(u1,U2), Uz = Uy + fa(uy,us)

where u; and u; are functions of (z,t) € R x R*. We assume that f; and f; are
derived from some potential. That is, there exists a function F € C?(R?) such that

oF .
(1A2) f’i(ulau2) = %(ul,uﬂ)a 1= 1a27

1

for each u;, u2 € R. By a traveling wave solution of (1A.1) we mean a nonconstant,
bounded solution of the form

(u1(z,t), u2(z, 1)) = (V1(2),Ua(2)),  z=z+06L

A traveling wave solution corresponds to a solution which appears to be traveling
with constant shape and velocity.

We wish to assume that F' looks something like what is shown in Figure 1. Precise
assumptions on F will be given shortly. For now we assume that F has at least three
local maxima. These are at (U;,Uz) = A, B and C where F(A) < F(B) < F(C).
We will be interested in traveling wave solutions which satisfy

(1A.3) z_lzr_nm(Ul(z), Uz(2)) = A and zﬂrfoo(Ul(z)’ Us(2)) = B.

Motivation for studying this problem is given in (2, §1E].
Note that if (Uy(2),U2(2)) is a traveling wave solution and (Vi(2),V2(2)) =
(U1(2),Us(2)), then (Ui(2),V1(z),Uz2(2), Va(z)) satisfies the system

Ui =Vy, V{=46V, - Fy, (U,,U,),
Ué =V2, V;;I=0V2 —FUZ(Ul,Ug).
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FIGURE 1

We are interested in solutions which satisfy

(1A5) lim (U],UQ,Vl,VQ) = (A,O) and lim (UI,UQ,VI,VQ) = (B, O)
Z—00 z— 400

where O = (0,0).

In [1] it is proved that under certain assumptions on F, which are given shortly,
there exists infinitely many traveling wave solutions of (1A.1) which satisfy (1A.3).
That is, there exists infinitely many values of § for which a solution of (1A.1),
(1A.3) exists. We now wish to characterize the solutions (1A.4), (1A.5) by their
nodal properties. We shall define a notion of winding number and prove that for
each nonnegative integer K, there exists a solution of (1A.4), (1A.5) with winding
number K. The proof of this result is split into two parts. In [2] we reduced the
problem of finding a traveling wave solution with a prescribed winding number to
a purely algebraic problem. We shall describe this algebraic problem shortly. In
this paper we solve the algebraic problem.

B. Assumptions on F. The assumptions we make on F are those made in [1].
These are

(F1) F € C?(R?).

(F2) F has at least three nondegenerate local maxima. These are at U = A =
(A1, A2), B = (By,Bs), and C = (C1,C3). F has at least two saddles. These are
at D = (D, D;) and E = (E1, E?).

(F3) F(A) < F(B) < F(C) and B, < D, < A; < E; < C,. Moreover, there
exists an ag such that if o is any critical point of F with a ¢ {A, B,C}, then
F(a) < F(A) — ag. For convenience, we assume that A = (0,0) and F(A) = 0.

(F4) There exists W such that if K < W, then {U: F(U) > K} is convex.

(F5) If U1 = D1 or El, then 6F(U1,U2)/8U1 =0 for all U2 €R.

(F6) Let U = (Uy,U2), V = (V4,V2), and

N, ={U: FU)>W}, X,={UE€N,,U <D},

1B.1
( ) X2={U€N1,D1<U1<E1}, X3={U€N1:E1<U1}.

Suppose that (U(z),V (z)) is a bounded solution of (1A.4) with § = 0 which satisfies,
for1=1,2, or 3,
(a) U(z) € X; for all z € R,




TRAVELING WAVE SOLUTIONS OF A GRADIENT SYSTEM 393

(b) F(U(z)) > F(A) — ag for some z € R
where o was defined in (F3). Then U(z) is identically equal to one of the critical
points A, B, or C, and V (2) = O for all z € R.

Remarks concerning these assumptions are given in [1].

C. The winding number. Let

PD = {(U,V) Ul =D1,V1 =0}

and
Pg={(U,V): Uy = E1,V; =0}
Then Pp and Pg are two-dimensional subsets of the four-dimensional phase space.

We wish to count the number of times solutions of (1A.4), (1A.5) wind around Pp
and Pg. Perhaps the most important property of Pp and Pg is

PROPOSITION 1C.1. Pp and Pg are invariant with respect to the flow given
by (1A.4). That s, if (U1(20),U2(20),V1(20),V2(20)) € Pp (Pg) for some zg, then
(Ul(z))U2(z)a VI(Z),VQ(Z)) € Pp (PE) Jor allz€R.

PROOF. From (1A.4) and (F5) we conclude that on Pp and Pg, U] =V; =0
and V{ = §V; — Fy, (U1,Uz2) = 0. These two equalities prove the proposition.
An immediate consequence of this last result is

COROLLARY 1C.2. If (U(2),V(2)) is a solution of (1A.4), (1A.5) then
(U(2),V(2)) ¢ PpUPg for all 2.

It now makes sense to count the number of times a solution of (1A.4), (1A.5)
winds around Pp and Pg. This is done as follows. Let

Qp ={(U,V): Uy =D1,V; <0and U € Ny},
Qe={(UV): Uy =E,V; >0and U € N,}.

DEFINITION. Suppose that (U(z),V(z)) is a solution of (1A.4), (1A.5). The
winding number of U is defined as

(1C.1) h(U) = card{z: (U(2),V(2)) € @p UQE}.

By card X we mean the cardinality of the set X. Remarks concerning this definition
are given in [1].
D. The main result. Our main result is

THEOREM 1. Let K be any positive integer. Then there exists a traveling wave
solution U(z) of (1A.1), (1A.3) such that either h(U) = K or h(U) = K + 1.

As we mentioned earlier this theorem is proved in two parts. In [2] we reduced the
proof to a purely algebraic problem. In this paper we solve the algebraic problem,
thus completing the proof of the theorem.

REMARK 1. The fact that we have either h(U) = K or h(U) = K + 1 may be
disturbing because we would expect there to exist a traveling solution such that
h(U) = K. The reason that we obtain the weaker result is that we are counting
the number of times a solution winds around two objects, namely Pp and Pg.

REMARK 2. We actually prove that for each positive integer K there exists at
least two traveling wave solutions, each with winding number K or K + 1. The
reason why this is true is explained in [2].
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E. The algebraic problem. We now state the algebraic problem which we have
(in [2]) reduced the proof of the theorem to.

Let F4 be the set of words on the four elements {a, 3,7,6}. That is, if ' € Fy,
then we can express I' as

(1E.1) T = A0S - A%k

where, for each i, A\; € {a,3,A,6} and ¢; € {—1,1}.

For I € Fy, let I'* equal the subset of Fy of all elements which upon cancellations
equal I'. For example if T' = af3, then o288 1o~ 18 € T*.

If T € F, is given by (1E.1), let

(1E.2) w(l) = iei
1=1
and
j
(1E.3) hy(T) = T, ; €.

REMARK. In [2] we used the notation |T'| instead of hy (T'). To state the algebraic
problem we must define another integer, ||T||, for ' € F;,. We are not able to define
this now, because it is necessary to develop quite a bit of the algebraic theory first.
For now we assume that ||T|| is well defined. It will be defined later.

We will now state the algebraic problem.

PROPOSITION 1E.1. Let{Tk}, k =1,2,..., be an infinite sequence of elements
of Fy which satisfy:

(a) I11 = ﬂ’Y_I,
(b) for each positive integer K there exists M such that
(1E.4) if k> M, then ||Tk|| > K,

(c) for each k there exists T 4, I'p € Fy and an integer r
such that TyT'p € T and T4(afy~ 1671 Tp el ;.

Let hy = w(T 4). Then for each positive integer K there exists k such that either
hy =K or hy = K + 1.

F. Radial solutions of an elliptic system. In a forthcoming paper [3] we consider
radial solutions of the elliptic system

AU] +f1(u1au2) =Oa

1F.1
(1F.-1) Aug + fa(uy,uz) =0,

where u; and ug are functions of z € R™, n > 1, and A is the usual Laplace
operator. As in this paper we assume that (f;(U), f2(U)) satisfies (1A.2) for each
(u1,u2) € R%. By a radial solution of (1F.1) we mean a solution of the form
(u1(z),u2(z)) = (Usr(r),Uz(r)), r = ||z||. Moreover, we assume that a radial solu-
tion satisfies lim,_, o (U;(7), U2(r)) = (0,0).
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In a manner similar to what was done in this paper, we define a notion of winding
number for solutions of (1F.1). We can then prove

THEOREM 2. Assume that n > 1, and (f1, f2) satisfies (1A.2) where F(U)
satisfies (F1)~(F6). Moreover, assume that A = (0,0). Then for each positive
integer K there exists a radial solution of (1F.1) with winding number K or K + 1.

The proof of this theorem consists of two parts. We shall first reduce the proof
of Theorem 2 to the algebraic problem, Proposition 1E.1, of this paper. Hence, the
proof of Proposition 1E.1, given here, will imply the validity of Theorem 2.

G. A preliminary result. Suppose that {I'x} satisfies (a), (b), and (c) of Propo-
sition 1E.1, and let hy = w(I'y) be as in Proposition 1E.1. In this section we
prove

PROPOSITION 1G.1. Letk be a positive integer. Then there existsT 4,T'p,H €
F4 and an integer v such that

(a) T =T4ls,
(b) TaH(aBy '6~')'H-Tp eT},,.

Moreover, hy = w(T 4 H).

(1G.1)

REMARK. This proposition relates I'y and T}, ;, while Proposition 1E.1 relates

rand Tk ;.

PROOF. From the assumptions of Proposition 1E.1 there exists I',,I'y € Fy
and an integer r such that I',I'; € T} and I'y(afy~ 16" 1)1 € T, ,. Let
I equal Iy with all possible cancellations and I's equal Iz with all possible
cancellations. Then clearly ' 4’5 € I'; and Ta(afy~ 16~ Tpel %+1- Moreover,
hk = w(I‘f‘,) = w(I‘A).

Let H equal the maximal element of F4 so that we can write 'y =T4H and
fB = HIT'p for some I'y,I's € F5. Then I'yI'p € I';. Since there are no
cancellations in I'4I"'g we have that 'y = I' 4I'g. Moreover,

TaH(afy Y6 Y)Y H 'Tp =Ta(eBy 1671) T €T}y,

and R
w(FAH) = w(l’,q) = hg.

This is what we wished to prove.

H. Remarks concerning the proof. The major difficulty in the proof of Theorem
1 is that the formulas given in (1G.1) are quite complicated and difficult to work
with. For one thing, H can be an arbitrary element of Fy. Moreover, these formulas
tell us how to compute 'y, not T'x, from T'x. To obtain I'xy; we must make
cancellations. After each cancellation, information is lost, unless we are careful
to do quite a bit of bookkeeping. To each I'y we assign an algebraic structure,
which we call an A*-decomposition. This will allow us to keep track of the essential
information abut the I'y’s as we increase k and then make cancellations. Of course,
some information about the I'y’s will be important, while other information will
just get in the way. In (1G.1b), the term (aBy~16~!)" will be very important,
while the terms H and H~! will be troublesome. The A*-decomposition will be
defined in such a way as to keep track of just the useful information.
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The definition of an A*-decomposition is given in §2. In §3, we construct an
A*-decomposition for each I'x. An important preliminary result is proved in §4.
The proof of Theorem 1 is completed in §5.

2. Notation and definitions. Assume that I' € Fy is given by
(2.1) L= A7'A22 - A

where each \; € {a,3,7,6} and ¢; € {—1,+1}. For each positive integer K, let
Yk ={1,2,...,K}. For T given by (2.1) let Yr = Yk.
DEFINITION 2.1. Assume that ' € Fy is given by (2.1). By an A-decomposition
of I' we mean a four-tuple (Z,G, H, ®) such that
(a) Z, G, and H are disjoint subsets of Yr,
(b)) Yr=ZUGUH,
(c) ® is a bijection from G onto H such that for all g,¢; € G,
(i) g < 2(9),
(ii) Ag = Aa(g)s
(lll) €g = —-eq,(g).
REMARK. It is possible that G = H = ®.
For n € Yr, g € G we write

(2.2) nCyg ifg<n<®(yg).
If (2.2) is not true we write n ¢ g. For n € Yr, let
Gp={g9€Yr:nCg}.

If (Z,G, H, ®) is an A-decomposition of I', we partition Z into equivalence classes
as follows. If 21,22 € Z, then 2; ~ 25 if and only if G,, = G,,. Forn € Z, let
Zn={2€Z:2z~n}. If (Z,G,H,®) is an A-decomposition of I', we write

(2.3) Z=72UZU---UZ;

where the Z; are the distinct equivalence classes of Z.
Let F3 be the set of words generated by the elements @ and b. Let ¢: Fy — F;
be the homomorphism generated by

(2.4) Y(a) =¢(8) =a and Y(B) =9(7) =b.

Suppose that I' € Fy is given by (2.1) and Y C Yr isgiven by Y = {n1,72,...,ns}.
Let

J
W(Y) =y A] and w(Y) =) en,.
=1

Finally, let I be the identity element in Fj.

DEFINITION 2.2. Let (Z,G,H,®) be an A-decomposition of I'. We say that
(Z,G,H,®) is an A*-decomposition if ¥(Z;) = I for each equivalence class Z;.

In the next section we prove that for each k, there exists an A*-decomposition
of T'x, where the I'; are as in Proposition 1E.1. We must first introduce some more
notation.

Let T be as in (2.1) and let (Z,G, H,®) be an A-decomposition of I'. Let

(2.5) (a) |T'| =K, and

(b) Zo={2€2Z:G,=0}.
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That is, |['| is the number of elements in T'. If Zyg = {61,62,...,6s}, let
(2.6) To=Agt - Mg

Finally, let
27 |IT]| = h1(To),

where h;(I') was defined in (1E.3).

We have now defined ||T'|| which is needed in the statement of Proposition 1E.1.
In the next section we shall prove that for each k, there exists an A*-decomposition
of I'.

REMARK. Each I' may have more than one A*-decomposition. Then ||T'|| will
depend on the particular A*-decomposition. We assume that ||T'|| is defined relative
to the specific A*-decomposition explicitly constructed in the next section of this
paper.

3. An A*-decomposition of I'x. Let {T'x} be as in Proposition 1E.1. In this
section we prove

PROPOSITION 3.1. For each k there exists an A*-decomposition of T'.

The A*-decomposition of I'y will be denoted by (Zx, Gk, Hi, Px). We also set
Y* = Yr,. The A*-decompositions are defined inductively. Recall that T'; = 8y~!.
Hence, Y! = {1,2}. Let Z; = {1,2}, G; = &, and H; = Q. Since G; = J, it is not
necessary to define ®;. One easily checks that this defines an A*-decomposition of
r;.

Suppose that there exists an A*-decomposition, (Ax—1,Gk—1, Hk—1,Pr—1), of
I't—1. We wish to define an A*-decomposition of I'k.

Recall the basic formulas derived in Proposition 1G.1. There exists I'y,I'g, H €
F4 and an integer r such that

(3.1a) Fe-1=Tal'p
and
(3.1b) =T sH(afy 16 1)y"H 'T'g €T}.

The primary difficulty with this formula is that it is for I’} and not I'y. That
is, there may be cancellations. We first define an A*-decomposition for I';, and
then show how to handle each cancellation. The A*-decomposition for I'}, will be
denoted by {Z',G', H',®'}.

Let
(3.2) NA = |FA|, NB = IFBl, NH = |H|, and ry = 4'7‘|,
where if T is given by (2.1), then |T'| is given by (2.5a). Then

[Y*"'|=Na+Np and |Yp|=Na+Np+2Ng+r =r.

We now define Z’, G, and H'.
(I) If j < Ng4, then

Zla Zk—l,
JEL G, ifandonlyif j€<{ Gi_i,

H” Hk—l-
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(I) If No < j < Na + Ny, then j € G'.
(IH) IfNs+Nyp<j<Ng+Hyg+r,thenjeZ.
(IV)IENs+Nyg+71 <j<Ng+2Ng+r,thenje H.
(VYIENgs+ 2Ny +7; <j <7, then
Z,, Zk—17
j€SL G, ifandonlyif j—(2Ng+r)e€l Gk_1,
H, Hi_,.

We now define ®’. Assume that g € G'.

(I) If g < N4 and ®x_1(g) < Ny, let ®'(g) = Pr_1(g).

(II) If g < N4 and ®x_1(g) > Na, let ®'(g) = ®x_1(9) + 2Ny + ;.

(I f Ny <g< Ng+ Ny, let ®'(g) =2Na+2Nyg +1 —g.

(IV)If Ng+2Ng +r1 < g <7, let ®(g9) = Px_1(9) + 2Ny + 1.

The idea behind what we just did is that the integers corresponding to elements
of I' 4 and I g inherit their status, that is whether they belong to Z’, G’, or H’' from
their status in (Zx—1,Gk—1, Hk—1,Px—1). The integers corresponding to elements
in H, (afy~16~1)", and H~! become elements of G’, Z', and H’, respectively.

To prove that (Z',G’, H', ®') is an A-decomposition of I'}, we must show that the
conditions of Definition 2.1 are satisfied. Certainly (a) and (b) of Definition 2.1 are
satisfied. In words, the reason that (c) is satisfied is because if one considers (3.1),
then the integers in Y’ corresponding to elements in I' 4 and I'g inherit their “sta-
tus” from (Zx—_1,Gr—1,Hk—1,Pk—1) which is assumed to be an A-decomposition.
Moreover, ®' preserves the natural one-to-one correspondence between the integers
in Y’ corresponding to H and the integers in Y’ corresponding to elements in H~!.
Instead of writing down a detailed proof, which would involve even more notation,
we present some examples which will illustrate that the above construction is a
natural one.

Suppose that

12 3456 7 891011 12 13 14 15 16
33 T=a B a v B vt v Baa 6 at gyt 67ttt

1

Then |Yr| = 16. Let
Z=1{1,3,5,6,8,10,11,13, 14, 16},
G =1{2,4,9}, and H ={7,12,15}.
Define @ by

®(2) =15, ®(4)=7, and P(9) =12.
One easily checks that {Z,G, H,®} is an A-decomposition of T'. Let
Z'={1,16}, Z?={3,8,13,14}, 2Z°=1{5,6}, and Z*={10,11}.
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Then {Z, 22,73, Z*} gives the partition of Z. Moreover,
$(Z)=aa'=1, (2% =abbla7' =1,
w(Z3) = bb—l = I’ w(Z4) — aa—l =7.

Since 1(Z7) = I for each 7, {Z,G, H,®} defines an A*-decomposition of T.
We now give an example to illustrate how the A*-decomposition changes as we
go from I'y_; to I'y. Suppose that

12 34 5 6
Tker=Fa B ~! ot g7t

L1

Then |Yj—;| = 6. Let
Zr_1=1{1,3,4,6}, Gr—1=1{2}, Hr-1={5} and &P(2)=5.
One easily verifies that this defines an A*-decomposition of I'x_;. Let
Ta=paB, Tp=~7ta"!'p7!, H=aB, and r=-1.

Then
F'k_1 =T 4l'B,

and
T, =TaH(aBy '671)"'HTp

Q

~ ’3—1 a—l ,3_1 a—l ,7—1 -1 ﬂ_l
7 8 9 10 11 12 13 14

-

The lower integers in (3.4) indicate the integer in Y} which the element in I}
corresponds to. The upper integers indicate the integer in Y;_; which the particular
element belongs to. An A*-decomposition of I'}, is

7' ={1,3,6,7,8,9,12,14},
G' ={2,4,5}, H!={10,11,13},
®(2) =13, ®4)=11, &(5)=10.

6
6

— o

We now return to the general situation. We claim that the A-decomposition
of I'} is actually an A*-decomposition. Because I'x_; is an A*-decomposition and
Y((aBy~1671)") = I, this is obvious.

This takes care of I';,. We must now discuss what happens when there are can-
cellations. Note that I'x is obtained from I'}, after a finite number of cancellations.
We show that everything is fine after one cancellation. To obtain the desired result
we just repeat the same argument a finite number of times.
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Assume that T is given by
L=23"252--- 2%

and’ for some ] < J, A] = ’\j+1 and €j = —€j41. That iS, /\;j cancels with /\;{:11 in
T'. Let
I =\ ...,\;1_-11,\511:22 VT ...,751_—22'
Hence, I is T after the cancellation. Define ¢: Yr — Yt by
N K ifi1<i<j—1,
(3.5) f(’)‘{z'+2 ifj+2<i<J-2.

Then
M =Ai) and fi =eg).

Let {Z,G,H,®} be an A*-decomposition of I'. We prove that there is a “natu-
ral” A*-decomposition of IV which we will denote by {Z',G', H',®'}. There are a
number of cases to consider. We present, in detail, only a few of them.

(I) Suppose that j € Z and j+1 € Z.

For1 <i1< K —2,let

Z,’ Z’
(3.6) 1€{ G, ifandonlyif ¢(2)€{ G,
H', H.

To define @', assume that g € G'. Let ®'(g) = ¢(®(g)). That is, {Z’,G', H', ®'} in-
herit their properties from {Z, G, H, ®}. Since {Z,G, H, ®} is an A-decomposition,
sois {Z',G',H',®'}. To see why {Z',G', H',®'} is an A*-decomposition, suppose
that the partition of Z is given by

(3.7) Z=2'vz*u.---uz’.

Then there exists k such that {j,7 + 1} C Z*. For convenience we assume that
k = 1. Let Z{ = Z'\{j,5 + 1}. Since ¢(Z') = I and $(A\7A7[}) = I, it is
clear that ¥(Z;) = I. It is not hard to see then that {Z',G',H',®'} is an A*-
decomposition of I".

(II) Suppose that j € Z and j+1 € G.

We define {Z',G’, H',®'} almost as before. The difference is that now ®(5 + 1)
has lost its “partner”, j + 1, due to cancellation. Hence, after renumbering, we
assign (5 + 1) to belong to Z’. Here are some of the details.

For1<i<k—-2,¢(2) #®(j+1),let

H', H.

If ¢(¢) = ®(j+1), let i € Z'. To define ¥’, assume that g € G'. Let ®'(g) = ¢(®(g)).
Assume that the partition of Z is given by (3.7). For convenience we assume
that 5 € Z!. In Case I, the partition of Z' was easily obtained from the partition
of Z. Now we must be more careful.
Recall the notation introduced in (2.2). Let

Z', Z,
(3.8) 1€ G', ifandonlyif ¢(z) € G,

M={z2€Z2:2Cj+1,andz¢ gifgeGand g Cj+1}.
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We consider two cases; these are if M = & or M # . First assume that M = .
Suppose that for 1 <7 < J,

(3.9a) Zt={4,...,24}.
Let
(3.9b) 2= {7, s T HEDY

Since, for 1 < i < J, Z' and Z* really correspond to the same element of Fy, we
have that, for 1 <1 < J,

(3.9¢) W(ZY) =9(Z") = 1.

It remains to consider the case ¢ = 1. Suppose that Z! = {2,,..., 21}, and choose
I so that z; = 7. Let

(3.10)  Zg={c""(z1),---, ¢ (21-1)ssTH®(G + 1)) T (z1w1), - 6T (2D}

One easily shows that the partition of Z’ is Z’ = Z} UZ2U---U Z!. We must still
show that ¢(2}) = I.

Let F! and F? be the elements of F4 corresponding to Z! and Z}, respectively.
The only difference between F! and F? is that /\;j in F! is replaced by A%, where

k= ®(j + 1), in F2. By assumption
(3.11) A7 =R =5k
Hence, F! = F2. Since ¢(Z!) = I, it follows that ¥(Z}) = I.
It remains to consider the case M # . Then there exists k # 1 such that
M = Z*. For convenience we assume that k = 2. Let

Zo={2€2':2<j} and Zp={z€2Z':z2>j}.
Of course, Z' = Z4Zp. Suppose that Z4 = {21,...,21}. Note that z; = j. Let
Zy ={z1,...,21-1,9(F + 1)}.
Using (3.11) we find that
(3.12) W(Z") = ¥(ZaZB) = ¥(Z4Z5) = ¥(Z4Zp)

where Z",, and Zg are defined as in (3.9b). For 2 <7< J, let Z% be defined as in
(3.9). The partition of Z’ is then

Z2'=(242%2g)uZ%u---uZ’.
As in (3.9¢) we have that if 3 <7 < J,

W(ZY) =y(Z2") = 1.

Moreover, using (3.11),
W(242%Zp) = $(242°Zp) = ¥(Z4)¥(Z*)$(Zp)
=y(Z4)I1y(ZB) = ¥(2Z24ZB) =¥(Z2") = I.
Hence {Z',G',H',®'} is an A*-decomposition.
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There are still four more cases to consider for the proof of Proposition 3.1. These
are

(Il jeZ,j+1€H,

IV)jeqG,j+1€ 2,

(VYjeH,j+1€Z,

(VI)7€G,j+1€H.
Since the analysis for each of these cases is not much different from case II, we only
state the definition of {Z',G’, H',®'} in each case.

For case III, let k = ®~!(j + 1). Let ¢ be the map defined in (3.5). For
1<i<k-2,¢(t) #k, assume that (3.8) holds. If ¢(¢) = k, assume that 7 € Z'.
To define @, let g € G’. Then let

(3.13) ®'(g) = ¢(®(9))-

Next consider case IV. For 1 <1 < k — 2, ¢(i) # ®(j) assume that (3.8) holds.
If ¢(z) = ®(j), assume that ¢ € Z’. Define ¥’ by (3.13).

Next consider case V. Let k = ®7!(j). For 1 <1 < k— 2, ¢(¢) # k, assume that
(3.8) holds. If ¢(¢) = k, assume that ¢ € Z’. Define &' by (3.13).

Finally, consider case VI. We must then have ®(5) = j+1. The A*-decomposition
is given by (3.8) and (3.13).

4. A preliminary result. We begin with some definitions. For each k, let
{Zk,G, Hi, P} be the A*-decomposition of I'x. For n € T'y, let G, be as defined
following (2.2). If Gy, # O, let

(4.1) gn =sup{g: g € G,}.
IfTx = A7 --- A9, then, for 1 < j < J, let

J
wk(j) = Zei.
1=1

If the meaning is clear, we write w(7) instead of wi(7). In this section we prove

PROPOSITION 4.1. Fiz K > 0. Suppose that T'x_1 satisfies

(@) [ITe-1ll £ K +1,

(b) for each z € Zi—1, if G, # &, then wi_1(2) < K+1 of and only if wx—1(gz) <
K+1.

Then either hy = K or K + 1, or T'x satisfies (a) and (b).

REMARK. This proposition implies the proof of Proposition 1E.1 because (a) is
not satisfied for all I'y. We have not yet verified, however, (b) of Proposition 1E.1.
This will be done in the next section.

PROOF. From Proposition 1G.1 we may choose I'4, ', H € F4 and r such that

(a) Tk-1=Talp,
(4.2) (b) T% =l"AH(aﬂ'y‘16‘l)'H_1I‘B eTy,
(C) hk = w(I‘AH).

The main difficulty is that there may be cancellations in I'j,. We may assume that
no part of I'4 cancels with a part of H, and no part of H~! cancels with a part of
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I'p. This is for the following reason. Suppose that a part of I' 4 did cancel with a
part of H. That is,
Fa=TLYH, and H=H['H,.

Let
(4.3) X = (apy~ 671,
Then
v =TYH,H 'H, XH; 'H\Tp.
Hence
(4.4b) . =TLYH, XH;'Th
where 'y = H;T'g. Note that
(4.4a) Ty_1=Tal'p =TLHI'p =T,LTL.
Moreover,
(4.4c) hy = w(TaH) = w(TYH HT ' Hy) = w(TY Hy).

Then (4.4) is of the same form as (4.2), the only difference is that I'4 is replaced
with T} and H is replaced by H,. A similar analysis holds if part of H~! cancels
with part of T'g.

Now suppose that part of H cancels with part of X, say H = H X[ 1 and
X = X1 X2. Then, from (4.2),

(4.52) e =TAH\ X' X, X2 X H 'Tg =T 4H, X2 X1 H{ 'T'p,
and

he = w(laH) = w(TaH1 X) = w(TaHy) — w(Xy).
Because w(X; X2) = w(X1) + w(X2) = 0, we conclude that
(4.5b) hix = w(TaH1 X3).

A similar analysis holds if part of X cancels with part of H~!. Hence we conclude
that there exists I'4, H, X;, X2, € F4 and an integer r such that

(a) F;C=FAHr211H_1FB€F,’:,
(4.6) (b) ki =w(T4HXs),

() X =X1iXy=(afy t670),
and if H # J, then no more cancellations take place.

Let Ny = |T4|, Ng = |I's|, Ny = |H|, and r, = 4]r|, where |T'| was defined in
(2.5a). Suppose that 1 <y < |I'}|. We say that

T4, 1<y < Ng,
H, Noa<y<Nsy+ Ny,
yeEL X, if { Na\+ Ngy<y<N4y+ Nyg+rq,
H™, Ng+Np+711<y<Na+2Ng+r,
I's, Ng+2Ng+r1 <y<Nyg+2Ng+r, +Npg.

The next result follows from (4.6).
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LEMMA 4.2. Ify€ X, then hy < w(y) < hg + 2.

LEMMA 4.3. Assume that hy # K or K+ 1. Thenw(Na+ Nyg) < K+ 1 if
and only if w(y) < K+1 forallye X.

PROOF. We consider a number of cases, which we present in outline form. Let
Yi=Nga+Nyg+ifori=0,1,2,3....
(A) Assume that w(yo) < K + 1.

(i) Assume that ey, > 0.

(a) Assume that Ay, = a. Then X; = afy~1671..., and w(ye) = hk. Since
w(yo) < K +1, and hx # K or K + 1, we conclude that w(yo) < K — 1. From (4.7)
we conclude that w(y) < w(yo) +2< K+ 1forye X.

The case Ay, = 6 is similar to this one so we do not include the proof.

(b) Assume that Ay, = 8. Then X2X; = By 16 la..., and hx = w(ys) =
w(yo)—1 < K. Therefore, hy < K—1and w(yo) < hg+1 < K. Since hy (X2 X;) =1,
we have that w(y) < K +1forye X.

The case Ay, = is similar.
(ii) Assume that ey, < 0.

(a) Assume that Ay, =~~1. Then XoX; =~y"16"1af..., and hy(X2Xy) =0.

Hence, if w(yo) < K + 1 we must have w(y) < K +1forye X.
The case Ay, = 7! is similar.

(b) Assume that Ay, = 6~!. Then XoX; =67 taBy~!..., and hx = w(yo) —
1 < K. Hence, hy < K — 1, which implies that w(yo) < K. Since hy(X2X1) =1,
this implies the desired result.

The case Ay, = a™! is similar to this one.
(B) We do not work out the case w(yo) > K + 1, since the proof is similar to the
one just given.

LEMMA 4.4. Letyo = No+Npg+ry. Assume that Ay, = Ayo41, €yo = —€yo+1,
and hy # K or K+ 1. Then w(yo) < K + 1 if and only if w(y) < K + 1 for all
ye X.

PROOF. The proof of this lemma is very similar to the proof of the preceding
lemma so we do not give the details.

We now return to the proof of Proposition 4.1. Assume that I'}, hx, and X are
as in (4.6). The proof is split into a number of cases. We assume throughout that
hy # K or K + 1.

(I) Assume that H # &. Then no further cancellations take place. In this case
[ITk=1]| = ||Tk||- The result then follows from Lemma 4.3.

(II) Assume that H = & and there are no further cancellations. There are two
cases to consider. First suppose that

Xczk={ze2*.G,=02}.

Say
Zh =gy

and

Zg = A m,\;"xgrlz\i:; RS
By assumption ||[Tx—;|| < K +1. Therefore, w(A;) < K +1. The result then follows
from Lemma 4.3.
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Next assume that X ¢ Z2. Then |[Tk|| = ||[Tk—-1|| £ K+1, and the result follows
from Lemma 4.3.

(III) Assume that H = & and there are cancellations. We show that everything
is fine after one cancellation. Since there are a finite number of cancellations, this
will imply the desired result. Now I';, = T4 X2 X1T' . Assume that X2 Xy = X, Xp Xc
where X, and X, have already cancelled. That is

Ca=T,X! and Tp=X T}
Then
(4.8) =T, T,

We assume that I', as given in (4.8), has the desired properties; that is, it satisfies
(a) and (b) of Proposition 4.1. We show that nothing goes wrong if there is one
more cancellation. For now we assume that X, # &. There are many subcases to
consider. We only give a detailed proof for a few of them.
(A) Suppose that Iy =T%A° and X, = A7°X}. Then '} =T/ X;Tp.

(a) Suppose that A € Z('f_l. By assumption, w(A) < K + 1. But, by Lemma
4.2, hy < w(A). Since hg # K or K + 1 it follows that hy < K — 1. From Lemma
4.2 we conclude the w(y) < K + 1 for all y € X{j, and the result follows.

(b) Suppose that A € Zx_;\Z¥~'. The result then follows from Lemma 4.3,
as before.

(c) Assume that A =~ € Hi_;. Then I'} is of the form

T =f‘,4/\115{1171‘1'ﬂ7_4l nXyTp=Ta A HinHy Xy T,
L

4
where ¢(H,) = ¢¥(Hz2) = I and A\, = max{gy, 2(n)}. Here, as in (4.1),

gn=sup{g € Gy} and z2(n)={z€Z:2<n,9, =gy}

It suffices to prove that if y € 2(n) U X}, then w(y) < K + 1 if and only if w(A;) <
K + 1. Since ¥(H;) = ¢¥(Hz2) = I, we have that w()\;) = w(n~?).

(c1) Assume that w(n~!) < K + 1. Then w()\;) < K + 1, and therefore
w(y) < K +1 for all y € X; by Lemma 4.3. We must still worry if y € 2(»n). There
are two subcases to consider. Assume that n = $'.

(c1i) Assume that e; > 0. In the proof of Lemma 4.3 we showed that this
implies that w(n~!) < K, which implies that w(X;) < K. Since ¥(H;) = I, this
implies that w(n) < K + 1. Hence, w(y) < K + 1 for y € z(n) because, in T'x_;,
w(n) £ K +1if and only if w(y) < K + 1 for y € z,.

(c1ii) Assume that e; < 0. Then w(A;) < K + 1 and w(n) < K + 1 implies
that w(y) < K + 1 for y € z(n), because this is true in T'x_;.

(c2) Assume that w(n™!) < K + 1. Then w(A\;) > K +1 and w(y) > K +1
for all y € X;j. The proof then proceeds as in (c1).

(d) Assume that A € G. This case is handled as above so we do not work out
the details.

(B) Suppose that X, = X;A¢ and Iy = A~°TI'’5. The details of the proof in this
case are similar to what was done for (A).

Finally, we must consider the case X, = &. Once again we do not give a detailed
proof because the details are similar to the proofs given.
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5. Completion. In this section we prove (1E.4b); that is,

PROPOSITION 5.1. For each positive integer K there exists M such that if
k> M, then ||[Tg|| > K.

As we pointed out in the remark following Proposition 4.1, this will complete
the proof of the theorem.

In order to prove Proposition 5.1 we must recall where all of the algebraic objects
came from. Hence, we must recall the notation and results in [1 and 2]. Because
it would be very tedious to describe all of this material here, we assume that the
reader is familiar with the notation and results in [1 and 2].

Recall Proposition 2.5 of [2]. This result states

PROPOSITION 5.2. Given K there exists Oy such that if 0 < 0 < 0k, 0< p <
27, d = (p,0), and U(d)(z) = B for some z, then h(d) > K.

This will be the key ingredient in the proof of Proposition 5.1.
We must now introduce quite a bit of notation. We let A, B, C, X1, Xo, X3,
W,V, Ny, N, and € be as in [2]. Recall that

Ny = {(Uy,Us): |Uy| £W and |Us| < W},
N ={(U,V): U € Ny and ||V|| < V}\(Pp U Pg),

and _
E={UV)EIN:||V|]<V}
Let I = [0,1] be the unit interval.
DEFINITION. We say that ®: I x I — N is an element of S if

(a) @ is continuous, and for each ¢, the curve ®(-,t)
is continuously differentiable,

(b) ®(0,t) = (A, O) for all t,
(c) &(1, t) € € for all ¢,
(5.1) (d) @(s,t) ¢ {(U,V): F(U) = C} for all (s,t),
(e) ®(s,0)€ {(U,V): U € X5} for all s,
and ®(1,0) € {(U,V): Uy =W},
(f) ®(s,1) € {(U,V): U € X5} for all s,

and ®(1,1) € {(U,V): Uy = -W}.

We note that elements of S arise quite naturally in the situations we are studying.
If we let g € G be as in [2], then g: I — Y, which is also defined in [2]. For each
s € I, g(s) corresponds to a trajectory ~(s)(z) which lies in the unstable manifold
of (A, 0). Moreover, ¥(s)(z) leaves N through £. Hence, we may reparametrize
~(s)(z), to say A(s)(t), such that 0 < t < 1, 4(s)(0) = (A, 0), A(s)(t) € N for
0 <t<1,and A(s)(1) € £. Certainly, we may change the reparametrization to
depend continuously on s. Hence, ®(s,t) = 4(s)(¢) isin S.

Now if ® € S, then &(1,t), t € [0,1], defines a curve in £. As in [2], we can
assign to ®(1,t) two algebraic objects, I'(®) and I'*(®). (We always assume that
a g-partition of ® is given.) These are elements of Fy, the free group on the four
elements {a, 8,7,6}.

For each t € [0, 1], the curve ®(s,t), 0 < s < 1, winds around the sets Pp and
Pg which were defined in §1C of this paper. As in that section we can define the
winding number of that curve. We denote this winding number by h(t).
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DEFINITION. We say that ® € S crosses over B with order K if there exists
(s,t) such that ®(s,t) € {(U,V): U = B} and h(t) < K.

DEFINITION. For Z € F; we say that Z € Fj if there exists ® € § with
r(e) =2

DEFINITION. If Z € F}, then we say that Z has order K if for all ® € § such
that I'*(®) = Z, ® crosses over B with order K.

Let F; be the set of words on the two elements a, b. Let 1 be the homomorphism
from F4 onto F» generated by

(5.2) Y(a)=9(6)=a and P(B)=¢(7)=d.
Let I be the identity element in F5.

PROPOSITION 5.3. Suppose that T4, I'p and Z are elements of Fy such that
¥(Z)=1. IfTaZTp € F}, thenT 4T'p € F}.

In order to prove this result we must introduce some notation and present some
preliminary lemmas.

DEFINITION. Say that 4: I — N is an element of ¥ if ~ is continuously differ-
entiable, 4(0) = (4, 0), and y(1) € €.

If 4 € ¥, then ~(s) winds around Pp and Pg. We now show that ~ generates an
element of F3, the fundamental group of N. We denote the element by (), and
define 6(~) explicitly as follows. Let

Qp={(U,V)EN:U =Dy, V1 <0}

and
Qt={U,V)eEN:U, =Ey, Vi >0}.

We assume, for convenience, that ~(s) intersects Q and Q$ only a finite number
of times. This will be true in the situations we are interested in. Choose 7; < 72 <
+++ < nk such that 4(n) € Q1 UQZ if and only if n = 7y for some k. Assume that
v(s) = (U(s),V(s). If

(a) ¥(nk) € Qp and U'(nx) <0, let Ax = b and ex = +1,

(b) v(nk) € Qp and U’(nk) > 0, let A\, = b and e = —1,

(c) ¥(nk) € Q% and U'(nk) < 0, let Ay = a and ex = —1,

(d) v(nk) € @Y and U’(nx) > 0, let A\x = a and e = +1.
Let

0" (1) = APAG N

and 6(~) equal 6*() with all cancellations.
Note that if d € D then ~4(d) € ¥ once we reparametrize v(d)(z) to say 4(d)(s)
where 4(d)(0) = y(d)(—o00) = (A, 0) and A(d)(1) € €.

LEMMA 5.4. Ifd € D and 0*(A(d)) = A{' --- A}, then, for each ¢, e; > 0.

PROOF. Since U] = V1, it follows that if v(d)(20) € Qp then Uj(20) = Vi(20) <
0. If y(d)(21) € @}, then Ul (z1) = Vi(z1) > 0.
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We immediately have
COROLLARY 5.5. Ifd € D, then 0*(3(d)) = 6(4(d)).
That is, no cancellations take place in 6*(4(d)).

Note that if ® € § then for each t, 0 <t < 1, ®(-,t) € ¥. Because of Corollary
5.5 we add the following condition to elements of S:

(5.1g) If® €S, then 8*(®(-,t)) = 6(P(-,t)) for each t € I.
We also assume that each v € ¥ satisfies
(5.3) 0% () =6(v).

Because () is really just the element of the fundamental group of N generated
by ~(s) we have

LEMMA 5.6. Assume that 11 € X, v2 € X, and 8(~1) = 0(n2) (and therefore
0*(y1) = 0*(y2)). Then ~; is homotopic to y2. That is, there exists a continuous
map h: I x I — N such that

(a) h(-,t) € X for each t,

(b) h(s,0) = y1(s) for each s,

(c) h(s,1) = ~2(8) for each s,

(d) 8(h(-,t)) = 8(~1) for each t.

Now fix & € S. We shall show that ® induces a map A(®): [0,1] — F;. Fix
to € [0,1]. Then Utelo,t0) ®(1,¢) defines a curve in €. As before, we can define
elements I'; (®) and Iy, (®) of Fy. The definition of I'; (®) is precisely as of I'* (®).
Let A(®)(to) = I't,(®). For each tg, ®(-,t0) € ¥. A key result is

LEMMA 5.7. Assume that ® € S. Then for each to € [0, 1],
(5.4) P(A(P)(to)) = 0(2(:, o))

PROOF. Note that as t € [0, 1] changes, then the curve ®(1,t) € £ changes,
and the one parameter family of curves ®(-,t) changes. Hence, A(®)(¢) and 0(®)(¢)
change. We must show that they change according to the relation (5.4). Note that
(5.4) certainly holds when tg = 0. In fact, ¥ (A(®))(0) = 8(®(-,0)) = I, the identity
element of Fy. This is because of (5.1e).

Let us now consider for which values of tq it is possible for A(®)(¢o) to change.
From the definitions (see Table I of [1]) we have that A(®)(¢) can only change at
t=to, if ®(1,t0) €1F U lg Uiy Ul;" where [}, lg, 15, and l; were defined in [1].
That is,

I ={(UV)€ON: U, =Ey, Uy =W, V; >0},
I; ={(U,V)€ON: Uy =Dy, Ua =W, Vi > 0},
I; ={(U,V)€AN: Uy =Dy, Uy = -W, V <0},
If ={(U,V)€0N: Uy = Ey, Uy = -W, V; > 0}.

The rules for how A(®)(t) changes at to are given in Table I of [1].

Let us now consider for which values of tg it is possible for 6(®(:,to)) to change.
Clearly, ©(®(-,tp)) changes at those values of to at which the curves ®(-,t) cross
Qp or Q1. There is only one way, as we now show, for ®(-,¢) to cross Qp, or QE at
t = to. This is if ®(1,t9) € ON N (Qp UQL). Certainly this is one possible way for
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®(-,t) to cross Qp and QE at t = to. Another possibility, which we now rule out,
is for ®(s,tp) to be tangent to Q@ or Q% for some s € (0,1). This is impossible,
however, because of our assumption (5.1g). If ®(s,ty) were tangent to Qp or QL
for some s € (0,1) we would not have that 8*(®(0,¢)) = 6(®(0,t)).

We have now shown that ©(®(:,t)) can only change at t = tg if ®(1,tp) €
AN N (Qp UQL). However,

INN(QpUQE) =1t ulguiy ulf.

So we have that A(®)(¢) and ©(®(-,t)) can only change at the same values of ¢. It
remains to show that they change according to (5.4). This, however, follows from
the definitions. (In fact, the definitions were chosen precisely so that (5.4) would
be valid.)

We are now ready to complete the

PROOF OF PROPOSITION 5.3. Suppose that

Ta=X{ XY, Z=X 0, Tp=Xg X,
where each \; € {a,0,7,6} and e; € {—1,1}. By assumption, T4ZT'p € Fj.
Choose @ € S so that I'*(®) = T'4ZI's. Recall that to define I'*(®) we need to
start with a g-partition n* = {9g,7n1,...,m.}. Here we are using the language
and notation of [2]. Then for ¢ = 1,...,L, A\; = A(n;) and e; = e(n;). Fix 01 €
(ns,ns+1) and o2 € (Mk,Nx+1). Then A(®)(o1) = ' and A(P)(03) = T4Z.
Because ¢(Z) = I, we conclude that

Y(A(®)(01)) = ¥(A(®)(02)).
From Lemma 5.7 it follows that
O(2(-,01)) = 6(2(, 02)).

From Lemma 5.6 we conclude that there exists a continuous map h: I x I — N
such that

(a) h(-,t) € X for each t,

(b) h(s,0) = &(s,0,) for each s,

(c) h(s,1) = ®(s,02) for each s,

(d) 8(h(-,t)) = 0(P(-,01)) for each t.

We are trying to prove that I'yI'g € F;. That is, we must prove that there
exists ' € § such that I'*(®') = T'4T'p. The following ® does the job. Let

®(s,t) for s€[0,1], 0<t <oy,
t
®'(s,t) =< h (s, %1 for s €[0,1], 01 <t < 09,
02 — 0O
®(s,t) for s€[0,1], o2 <t < 1.

It is not hard to prove that I'*(®’) = ' 4I'p so we do not give the details.

From now on we assume that the {Ix} are as in [2]. To each Iy we fix a g-
partition nx and let I'}, = I'*(Ix,n*) where I'*(Ix,n*) is as in [2]. Let T'x equal I}
with all possible cancellations. In [2] we proved that the {T'x} satisfy (a) and (c)
of Proposition 1E.1. Of course, here we wish to prove that the {I'x} satisfy (b) of
Proposition 1E.1. Note that, in this paper we have shown that for each k, there
exists an A*-decomposition {Z, Gk, Hi, @k} of T'x. Let Z be as in (2.5b). That
is, Zk = {2 € Zx: G, = @}. Let Tk be as in (2.6).
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LEMMA 5.7. For each k, T} € Fy.

PROOF. Note that each I, € G. As we pointed out after the definition of S, each
element of § gives rise to an element of S. That is, we reparametrize each trajectory
7(®(s))(2) to say 4(®(s))(t) so that 4(P(s))(0) = ~(®(s))(—o0) = (4,0) and
A(®(s))(1) € € for each s € [0,1]. Let ®(s,t) = 4(P(s))(¢). From the definitions it
is clear that I'j = I'*(4(®(s))) once we choose the appropriate g-partition.

LEMMA 5.8. For each k, Ty € Fj.

PROOF. Note that Iy is obtained from I') by a finite number of cancellations.
After each cancellation we apply Proposition 5.3 to conclude that the element of
F4 obtained by the cancellation is still in F}.

LEMMA 5.9. For each k, Tk € F}.

PROOF. Assume that ¥ = A{*A52---X{* where each \; € {a,f,7,6} and
e; € {—1,1}. Then there exists Zgy, Z1,...,Z1 such that for each i, Z; € Fy,
w(Z‘l) = Ia and

T =20 Z1052 - Mt Z1.

Hence, T'k is obtained from T'x by removing, one at a time, the Z;. We apply
Proposition 5.3 to conclude that each time we remove Z;, the resulting word is in
Fj.

LEMMA 5.10. Assume that TyT'p € Fj and I'4g°Zg~I'p € F; where g €
{a,8,7,6}, e € {-=1,1}, ¥(Z) = I, and Z may be empty. Assume that for z € Z,

w(2) < K if and only if w(g) < K. Finally, assume that T oT'p has order K. Then
T'49Zg~'T'p has order K.

PROOF. Suppose, for the sake of a contradiction, that T' 4gZ¢g~'T's does not
have order K. Then there exists ® € § such that I'*(®) = '4gZ¢g~'T'p, and if
®(s,t) € {(U,V): U = B}, then h(t) > K. From ® we will construct a map & € §
such that ['(®') = T4I'p, and if ®'(s,¢t) € {(U,V): U = B}, then h(t) > K. This
will contradict the assumption that I'4I'g has order K. The construction of @' will
be similar to the construction in the proof of Proposition 5.3.

Suppose that

FA=,\‘;1...)‘3J_‘1‘, gez,\?,
Z=AY N g =N Te = XA R

Now, I'*(®) = T4g°Zg~°T'p. In order to define I'*(®) we must start with a g-
partition n* = {no,...,nn}. Fori=1,...,N, A; = A(n;) and e; = e;(n;) where we
are using the notation in [2]. Fix o1 € {ny_1,n7s} and 02 € {nr,nL+1}. Then

A(®)(o1) =Ta and A(®)(02) =Tag°Zg™°.
Because ¥(Z) = I, we conclude that
P(A(®)(01)) = ¥(A(D)(02)):
From Lemma 5.6 it follows that

6(2(-,01)) = B(2(-,02))-
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We now apply Lemma, 5.5 to conclude that there exists a continuous map g: I xI —
N such that

(a) g(-,t) € A for each t,
(5.5) (b) g¢(s,0) = ®(s,01) for each s,
) (¢) g(s,1) = ®(s,02) for each s,
(d) O(h(-,t)) =O(®(-,01)) for each t.
We then let
®(s,t) for s€0,1], 0<t <oy,
(5.6) ®'(s,t) =14 g|s, t=o1 for s €(0,1], 01 <t <oy,
02 — 01
D(s,t) for s €[0,1], 02 <t < 1.

Certainly ' € S, and I'*(®') = T4I'g. Moreover, if t ¢ [01,02], then ®'(s,t) =
®(s,t). Hence, if ®'(s,t) € {(U,V): U = B} and t ¢ [0}, 02], then h(t) > K. We
claim that g(s,t) can be chosen so that the same is true for t € [0, 02]. fw(g9) < K
then w(z) € K for all z € Z. From our assumption on ® this implies that there
does not exist t € [01,02] such that ®(s,t) € {(U,V): U = B} for some s. Hence,
there is no problem in our choice of g(s,t). So we assume that w(g) > K, and
therefore w(z) > K for all z € Z.

For a given (s,t) let h(s,t) be the winding number of the curve ®(0,t),0 < o < s.
Because w(z) > K for all z € Z, there exists a map s = ¢(t), 01 <t < 03, such
that for all ¢t € [01,02],

(a) h(p(t),1) > K,

(b) ©(2((t),1)) = O(2(p
Recall that if ®(s,t) € {(U,V): U = B}, then h(t) > K. Assume that

)

' (s,t) = ®(s,t) for oy <t <o, 0<s<pt).
That is, we let, for 0 < ¢t < 1,0 < s < p((o2 — 01)t + 01),

(@(p(01,01)))-
(

g(s,t) = ®(s, (02 —o1)t + 01).

Then for 0 <t <1, (62 —01)t+01 < s < 1, we let g(s,t) be arbitrary so that (5.5)
is satisfied. One then checks that with this choice of g(s,t), ®'(s,t), as defined by
(5.6), has the desired properties.

COMPLETION OF THE PROOF OF PROPOSITION 5.1. Let K be any positive
integer. By Proposition 5.2 there exists g such that if 0 < § < 0k, 0 < o < 2m,
d = (p,0), and U(d)(z) = B for some z, then h(d) > K. Let I, be the elements of
G which generate the T'x and I'y. From the definitions of the I (see [2, (4A.1c)])
there exists M such that if k¥ > M and Ix(s) = (p(s),8(s)), then 6(s) < 0k for
each s € [0,1]. We claim that if k > M, then ||[Tk|| > K.

Assume that k > M. We first show that I'j does not have order K. This is
because, as in the proof of Lemma 5.7, I € § gives rise to an element ®(s,t) € §.
Because k > M, ®(s,t) has the property that if ®(s,t) € {(U,V): U = B}, then
h(t) > K. Hence, I'*(®) = I'" and ® does not cross over B with order K. A
finite number of applications of Lemma 5.10, with Z = &, implies that 'y does not
have order K. We now apply Lemma 5.10 a finite number of times, again, and use
Proposition 4.1b to conclude that I'§ does not have order K. (Here, we assume for
the sake of a contradiction, that there does not exist j such that h; = K or K +1.)




412 DAVID TERMAN

By Lemma 5.9, there exists ® € S such that I'*(®) = T'k. Moreover, we may
choose ® so that ®(soto) € {(U,V): U = B} for some (so,to) and h(tg) > K. In
order to complete the proof we must apply Proposition 2.6 of [2].

To state this result we must present some notation.

Note that ®(1,t), 0 < t < 1, defines a curve in £. This curve generates the
elements I'*(®) and I'(®). To define I'*($) we must define a g-partition n* =
{n1,...,mL} (see [1]). We then define, for each j, A(n;) € {, 3,7,6} and e(n;) €
{-=1,1}. Note that from the definition of a g-partition, we have 0 = n; < -+ <
nr = 1. Define the map A: I — Fy as follows. Suppose that 7; < s < n;41. Let
Ai = A(n:) and e; = e(n;). Then let

J
IOES | BREPHERDS
i=1
Define A;: I — Z*, where Z1 is the set of nonnegative integers, by
Ai(z) = [wo A](s).
The map w was defined in (1E.2). Then in [2, Proposition 2.6], we prove

PROPOSITION 5.10. Letn* = {n1,...,nL} be a g-partition of the curve ®(1,t),
0<t< 1. Assume thatn; <t < nj;1. Then either

(5.7) h(t) = Ax(n;) o h(t) = As(nyaa).

With Proposition 5.10 the proof of Proposition 5.1 now follows easily. We know
that h(to) > K for some to. From (5.7) we conclude that if n; < to < 7,41, then
either A;(n;) > K or Ay(n;4+1) > K. However,

ITkll = hi(T8) = sup Ai(n;) > max{Ai(n;), Ar(nj41)} > K,
1<i<L
which completes the proof.
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